STABILITY OF LOCALIZED INTEGRAL OPERATORS ON 
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Abstract. In this paper, we consider localized integral operators whose kernels 
have mild singularity near the diagonal and certain Holder regularity and decay off 

Q^ , the diagonal. Our model example is the Bessel potential operator jZy,7 > 0. We 

show that if such a localized integral operator has stability on a weighted function 
space LPj for some p G [1, oo) and Muckenhoupt Ap-weight w, then it has stability 

r£^ I on weighted function spaces L^, for all 1 < p' < oo and Muckenhoupt Ap' -weights 

-(— > 

?3 ■ 1. Introduction 

Let K he a kernel function on M.'^ x M.'^. Define the minimal radial function on M'^ 
that is radially decreasing and dominates the off-diagonal decay of the kernel K by 

(1.1) r^(x):= sup \K{y,y')\. 

\y-y'\>\^\ 

Here |x| := max{|a;i|, ■ ■ ■ , |xrf|} for x := (xi,--- ,Xd) G K"*. In this paper, we 
consider integral operators 
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(1.2) Tf{x):= / Kix,y)fiy)dy 

jRd. 

whose kernel K on W^ x M'^ has its off-diagonal decay dominated by an integrable 
radially decreasing function on M.'^, i.e., 

(1.3) Ikxili := / rK{x)dx < oo. 

The model example of such an integral operator is the Bessel potential [IE] 

(1.4) J,f= I G,ix-y)f{y)dy, 7 > 0, 

jR'i 

where the Bessel kernel Gj is defined with the help of Fourier transform by 



G,(6,---,e<i) = (i + ieir + --- + ie 
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and the Fourier transform / of an integrable function / is defined by /(^) = 

For 1 < p < oo, we say that a weight w on the (i-dimensional Euchdean space W^ 
(i.e., a positive locally-integrable function on W^) is an Ap-weight if 

(1.5) (-—7 / w{x)dx] (—— / w{xy'^^dx] < A < oo for all cubes Q 
when 1 < p < oo, and if 

(1.6) — — - / w(y)dy < A inf w(x) for all cubes Q 

\Q\ Jq ^^Q 

when p = 1 [Zl El dS]. Here \E\ stands for the Lebesgue measure of a measurable 
set E C M'^. The Ap-bound of an Ap-weight w, to be denoted by Ap{w), is the 
smallest constant A for which (ll.Sp holds when 1 < p < oo (respectively (11.61) holds 
when p = 1). Simple nontrivial example of Ap- weights is the polynomial weight 
Wa{x) := |x|°, which is an Ap-weight if the exponent a of the polynomial weight Wa 
satisfies —d < a < for p = 1, and —d < a < d{p — 1) for 1 < p < oo. 

Denote by / the identity operator, and by L^ := U^{W^) the space of all measur- 
able functions / on Mf- with ||/||p,«, := {j^d \f{x)\^w{x)dxY^^ < oo. A well-known 
result about the integral operator T in (ll.2p is that it is bounded on the weighted 
function space L^ for any p G [1, oo) and Ap-weight w. Furthermore there exists an 
absolute constant C, that depends on p and d only, such that 

(1-7) \\Tf\\p,^ <C{Ap{w)f'^\\TKUf\\,,u, 

for all Ap- weights w and functions f E L^, see also Proposition 12.11 In this paper, 
instead of establishing boundedness of the integral operator T on L^, we consider 
stability of integral operators zl — T,z G C, on L^, i.e., there exists a positive 
constant C such that 

(1-8) \\{zI-T)f\\p,^ > C\\f\\p,^ for all / G L^. 

We will show that the stability of integral operators zI — T,z G C, on L^ for different 
p G [1, oo) and Ap- weights w are equivalent to each other, provided that the kernel K 
of the integral operator T is assumed, in addition to its off-diagonal decay dominated 
by an integrable radially decreasing function, to have certain Holder regularity off 
the diagonal and mild singularity near the diagonal, i.e., 

(1.9) lkx||i+ sup 5""||r^i(x)||i + sup (5~"||rxXM<<5||i < oo 

0<(5<1 0<<5<1 

for some a G (0, 1]. Here for a kernel function i^ on M^ x M'^, its modified modulus 
of continuity ujs{K) is defined by 

(1.10) usiK){x,y) = { ^^P|^'-^N^'-^I^^ l^(^''^') - ^(^'^)l l^jjl- ^^' 

Theorem 1.1. Let z E C, K be a kernel function on M^ x M*^ satisfying (11. 9p for 
some a G (0, 1], and let T be the integral operator in (11.21) with kernel K. If zl — T 
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has stability on L^ for some 1 < p < oo and Ap-weight w, then it has stability on 
L^, for all 1 < p' < oo and Ap' -weights w' . 

Denote by Sp^^(T) the set of all complex numbers z such that zl — T does not 
have stability on L^, and by Sp{T) instead of Sp^w^iT) for short when w is the trivial 
weight Wo = 1. Then Theorem 11.11 can be reformulated as follows: 

(1.11) Sp^^iT) = s^iT) 

for all 1 < p < oo and Ap-weights w, provided that the kernel of the integral operator 
T satisfies (11.91) . We remark that for the operator zl — T, it is established in [H] the 
equivalence of its stability on unweighted function spaces L^ for different exponents 
pe [l,oo], i.e., 

(1.12) Sp{T) = S2{T) 

for all 1 < p < cxD. The assumption on the kernel K of the operator T in the 
above equivalence is that it has certain Holder regularity and its off-diagonal decay 
dominated by a function in the Wiener amalgam space Wi, the space containing all 
measurable functions h on M*^ with ||/i||v\;i '■= XlfeeZ'* ^^P^e [-1/2,1/2)'' l^(^ + ^)\ < 00. 
More precisely, the kernel K satisfies the following condition: 



;i.l3) sup \K{y,- + y)\ + sup (5 ° snp ujs{K){y,- + y) 

Wi 0<<5<1 



< 00 

for some a G (0, 1], where the module of continuity u}s{K), 5 > 0, of a kernel K on 
R'^ X M^ is defined by 

Cjs{K){x,y) = sup \K{x',y') - K{x,y)\ for all x,y eW^ 

mSix{\x'—x\,\y'—y\)<S 

c.f. the modified module of continuity u)s{K) of a kernel K in (11. 101) . The assump- 
tions (II. 9p and (I1.13P on kernels are not comparable. Kernels satisfying (II. 9p could 
have certain blowup near the diagonal while kernels satisfying (I1.13P do not allow 
any singularity (and even require certain regularity) near the diagonal. On the other 
hand, kernels satisfying (11.131) have less requirement on the decay far away from the 
diagonal than kernels satisfying (11.90 do. 

We say that an integral operator T in (II. 2p is of convolution type (or a convolution 
operator) if its kernel K can be written as K{x,y) = g{x — y) for some integrable 
function (7 on M'^ [U [TTl [T2]. In this case, one may verify that S2(T) = {^(01 ^ ^ 
R"^} U {0}. This together with flTTTD implies that 

s,,^(T) = {^(O|^GM^}U{0} 

for all 1 < p < 00 and Ap-weight w, provided that Tf{x) = J^^ g{x — y)f{y)dy for 
some integrable function g on M*^ and the kernel g{x — y) satisfies (11.90 . Thus for 
the Bessel potentials jZy, 7 > 0, we have that Sp^^iJ'-y) = [0, 1] for all 1 < p < 00 and 
Ap-weight w, which is new up to our knowledge. 

Denote by ap^w(T) the spectrum of the operator T on L^ and by crp(T) instead of 
<^p,wo(T) for short when w is the trivial weight wq = 1. Clearly we have that 

(1.14) Sp^^T) C ap^^{T) 
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for all bounded operators T on L^. We are working on the problem whether or not 
the above inclusion is indeed an equality when the kernel of the operator T satisfies 
(ILQI) . The reader may refer to [H [^ El El [IH [121 [131 [TH for spectra ap^^ (T) of various 
integral operators T, and [TOl [T71 [181 HH] fo^' its connection to Wiener's lemma for 
infinite matrices. 

The paper is organized as follows. In Section [21 we provide some preliminary re- 
sults on the boundedness, approximation and discretization of the integral operator 
T in (11. 2p on weighted function spaces L^, and also the boundedness on weighted se- 
quence spaces and off-diagonal decay for the discretization of the integral operator T 
in (11. 2p at different levels. The main result of this paper is Theorem [LTl whose proof 
is given in Section [31 Some refinements of doubling measure property and reverse 
Holder inequality for Muckenhoupt Ap-weights are included in the appendix. 

In this paper, we will use the following notation. Z+ := N U {0}; £^ := i^{A) is 
the space of all weighted p-summable column vectors c = (c(A))aga with ||c||p,^ := 
(^;^g^ |c(A)|^t(;(A))"'^/^ < oo, where 1 < p < oo and w = (w(A))a6A is a weight; 
(91,92) '■= J^d9i{x)g2{x)dx provided that gig2 is integrable; Ap, 1 < p < 00, is the 
set of all y4p-weights; kQ stands for the cube with the center same as the one of 
the given cube Q and the radius k times the one of cube Q; b^ is the function 
on the positive axis such that 6;<:(|a;|) = rxix) is the minimally radically decreasing 
function in ( 11. ip that dominates the off-diagonal decay of a kernel K onM.'^x M.'^; and 
C denotes an absolute constant which could be different at different occurrences. 

2. Preliminary 

We divide this section into two parts. In the first part of this section, we consider 
the boundedness, approximation and discretization of an integral operator whose 
kernel has certain off-diagonal decay and Holder regularity. In the first subsection 
we recall that an integral operator, whose kernel has its off-diagonal decay dominated 
by an integrable radially decreasing function, is a bounded operator on L^ for any 
1 < p < 00 and y4p-weight w, see Proposition 12.11 Define Pn,n G Z, on L^ by 

(2.1) Pnf= Yl a0n,2«A)0n,2"A, /eL^, 

Ae2-"Z'' 

where (j)n,k = 2"'^/2x[_i/2,i/2)'i(2" ■ -k), n e Z,k e Z'^. For p = 2 and the trivial 
weight w = 1, Pn,n G Z, are projection operators onto Vn '■= PnL^, which form a 
multiresolution analysis associated with the Haar wavelet system |6j. In the second 
subsection, we prove that an integral operator T with its kernel having certain off- 
diagonal decay, mild singularity near the diagonal and Holder regularity can be 
approximated by PnT,TPn and PnTPn,n G Z, in the operator norm on L^, see 
Proposition 12.21 As a consequence of the above approximation, we conclude that 
zero is in the spectrum of a localized integral operator, see Corollary 12.31 We call 
the operator PnTPn the discretization of the integral operator T at n-th level, as 
they are closely related to infinite matrices 

(2.2) ^„:=(a.(A,A')),,,,2-.^„ nGZ 
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where 

a„(A, A') = 2"" / / <p,,^2-^{x)K{x,y)<Pn,2-y{y)dydx, A, A' G 2-"Z^ 

see Proposition 12.51 of the third subsection. The same discretization has been used 
in [m [19] to estabhsh Wiener's lemma and stabihty for locahzed integral operators 
on unweighted function spaces L^, 1 < p < oo. 

In the second part of this section, we consider the boundedness and off-diagonal 
decay property of discretization matrices An,n G Z. Given a locally integrable 
positive function w, define its discretization at n-th level by 

(2.3) Wn ■■= {Wn{X))xe2-^1d, 

where Wn{X) = 2"^^ /A+2-"f-i/2 1/2)'* '^{.^)dx, A G 2^"Z'^. As shown in Proposition lA.5| 
discretization of an Ap-weight w at any level is a discrete Ap- weight, see f l2.15p and 
fl2.16p for the definition. In Proposition l2.6l of the fourth subsection, we show that for 
every n E Z, the discretization matrix An is bounded on the weighted sequence space 
£^^ for any 1 < p < 00 and Ap- weight w. The above proposition can be thought 
as a discretized version of Proposition 12.11 As we always assume in the paper that 
the integral operator T in (11. 2p has its kernel with certain off-diagonal decay, its 
discretization matrices A^, n G Z, have similar off-diagonal decay, see Proposition 
12.71 of the fifth subsection. For A^ > 1 and k G A^Z'^, define the localization matrix 
\1/^ on a sequence space on 2~"'Z'^ by 

(2.4) (^f c)(A) := ^o((A - k)/N)c{X) for c := (c(A)),,2-"Z^, 

where ipo{x) = max(min(2 — |a;|, 1),0). In the sixth subsection, we prove that the 
commutators [A^, \1/^] := An^if^ ~ "^k^n between the discretization matrices An 
and the localization matrices ^^ have certain off-diagonal decay, see Proposition 
12. 8[ The above off-diagonal decay property for the commutators [An, \l/^] plays 
crucial roles in the proof of Theorem 11.11 We remark that similar off-diagonal 
decay property for the commutator [An, \l/^] has been used in [H] to establish the 
equivalence of stability of a localized integral operator on unweighted function space 
L^ for different exponent 1 < p < 00. 

2.1. Boundedness of localized integral operators. 

Proposition 2.1. Let 1 < p < 00 and K be a kernel function on R'^ x R'^ whose off- 
diagonal decay is dominated by an integrable radially decreasing function (i.e., (I1.3P 
holds). Then the integral operator T in (11.21) with kernel K is a bounded operator 
on L^ for any Ap-weight w. Furthermore, 

(2.5) \\Tf\\p,^<CiApiw)y/qrK\\i\\f\\p,^ 

for all weights w G Ap and functions f E L^, where C is an absolute constant that 
depends on p and d only. 

Proof. It is well known that the integral operator T in (II. 2p is a bounded operator 
on L^ [H m US]. We include a sketch of the proof for the bound estimate in (12. 5p 
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and for the completeness of the paper. Note that 

(2.6) \Tf{x)\<y^hK{2=~') j \f{y)\dy for all x G R'^ 

jgZ J2i-^<\x-y\<2J 

(and hence \Tf{x)\ is dominated by a constant multiple of the maximal function 
Mf{x), which is bounded on L^ for all 1 < p < cxd and Ap- weights w [TJ [U [15]). 
Then for p = 1, 

||T/||i,. < 5^&i.(2^-i) f ^(^) f \f{y)\dydx 

■^■^ jRd J2i-^<\x-y\<2i 

jez 

This proves (12. 5 P for p = 1. 

For 1 < p < CO, applying (12. 6p and using Holder inequality, we obtain 



x( f \f{y)\My)dy). 



'2J-i<|x-3/|<2J 

Thus 

X / \f{y)\My)( f -r ""^^l , , dx]dy 

< CA,(«;)||r^Hir'E^^(2^'')2'''/ \fiy)\My) 

x( y [ ^(^) dx]dy 

\6{^,l}d^-?/-^2.-i|<2.-i Ily'-y-e2^-^<2^-iWiy')dy' J 

This establishes (12. 5 p for 1 < p < oo and completes the proof. D 

2.2. Approximation of localized integral operators. 

Proposition 2.2. Let 1 < p < oo, w be an Ap-weight, K be a kernel function on 
^d ^ ^d gdfigjying (11, 9p for some a G (0, 1], T be the integral operator in (II. 2p wt/i 
kernel K, and let Pn,n G Z, be as in (12. ip . T/ien i/iere exists an absolute constant 
C (depending on p and d only) such that 

||(TP„ - T)/||p,^ + ||(P„T - T)/||p,^ + ||(P„TP„ - T)/||p,^ 

(2.7) < CDo2-"°(Ap(w))i/P||/||p,^ for all neZ+,weAp and / G L^, 

where Dq = ||rx||i + supo<5<i (^""||ri^XM<5||i + supo<5<i (^~"||r^,(ii-)||i. 
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We remark that it is established in p31 Proof of Theorem 4.1] that a locahzed inte- 
gral operator has the above approximation property on unweighted function spaces 
L^,l < p < CO. By Proposition 12.21 we see that TPn, PnT, P^TPn approximate the 
localized integral operator T in the operator norm || ■ ||i3(LP) on L^, as n tends to 
infinity, i.e., 

(2.8) Jim ||P„r - r||e(iP ) + ||rP„, - T||e(^P ) + WPnTPn - T||6(^p) = 0. 

As a consequence of the above limit, zero is in the spectrum of a localized integral 
operator T on L^, , c.f. [191 Theorem 2.2 (iv)]. 

Corollary 2.3. Let the integral operator T he as in Proposition \2.2[ Then G 
Sp,w(T) C crp^^(T) for all 1 < p < oo and w & Ap. 

Proof. Let ipo = max(l — |x|, 0) be the hat function and set gn '■= v^o ~ Pn'^o, n >0. 
Note that 7^ f7„ G L^ and P^ = Pn for all n G Z+. Then for all 1 < p < 00 and 
w G Ap, we have that 

(2.9) inf II^^IIp."- < \\^9nh,n, ^ \\{T-TP)gn\\p,^ ^ iiyp r|| ^ q 

II II ^ r\ ll'^V If/ 

llsllp, 11)7^0 ||5'||p,ui US'™ lip, ui llfl'nilp.u) 

as n — > 00 by ( 12. 8p . This proves the conclusion that G Sp^^iT) C o"p^^(T). D 

Now we prove Proposition 12.21 
Proof of Proposition [27^ By (12. ip . P„ is an integral operator with kernel 

, _ j 2""^ a x,y e 2-"(A; + [-1/2, 1/2)"^) for some k G Z^, 

Pn[x,y) - ^Q otherwise, 

and 



WPnfW;,^ = r'^l^ Y. K/.'^n.2"A)r / W{x)dx 

(2.10) < Ap[w) ^ I \f{x)\^w{x)dx = Ap[w 

,,„ .,^^ iA+2-"f-l/2.1/2l'* 



p,«) 
d JA+2-"hl/2,l/2]° 



for all / G L^. Thus TPn — T, P^T — T and PnTPn — T are bounded operators on 
LI by fl2A0l) and Proposition O 

Denote by Kn{x, y) the kernel of the integral operator PnTPn — T. Then 



\Kn{x,y)\ = {K{x',y') - K{x,y))Pn{x,x')Pn{y',y)dx'dy' 

< 22"^^ / / \Kix',y')-Kix,y)\dx'dy' 



\x'-x\<2-" J\y'-y\<2-" 



< 2''r^<K){x-y) 
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for all x,y eM.'^ with \x — y\ > 6 ■ 2^", and 

\K,,{x,y)\ < \K{x,y)\+ [ f \P^{x,x')K{x',y')P^{y' ,y)\dx'dy' 

< rK{x-y) + r'' [ rK{t)dt 



J|t|<8-2-" 

for all a;,?/ G M'^ with \x — y\ < Q ■ 2^". Thus the kernel Kn{x,y) of the integral 
operator PnTPn — T is dominated by /i„(x — y), where hn is a radially decreasing 
function defined by 



hn{x) : 



rKix) + 2^^ i;,|<8.2_„ rKit)dt if |x| < 6 ■ 2"", 
22V, ^(K^(x) if Ixl >6-2-". 



Similarly we can show that kernels of the integral operators TPn — T and -P„T — T 
have their off-diagonal decay dominated by the same radially decreasing function 
hn- Then the desired estimate (12.71) for the integral operators TPn — T, PnT — T and 
PnTPn — T,n G Z_|_, follows from (11.91) . Proposition 12. II and the above observation 
about their kernels. D 

Remark 2.4. Let 1 < p < oo, w be an Ap-weight, and Pn,n G Z, be as in (12.11) . 
For n E Z, define 

^. = { E ^W«.2"a|(c(A)),^^,_„,,gF^„}. 

Then it follows from (12.11) and (I2.10p that Pn,n G Z, are bounded operators from L^ 
onto 1/"^ C L^ with their operator norm bounded by (Ap(w))^/P; i.e., V^"^ = Pn^^ 
and WPnfWp,^ < iAp{w)y/P\\f\\,,^ for all / G L^,. 

2.3. Discretization of localized integral operators and discretization ma- 
trices. 

Proposition 2.5. Let 1 < p < oo, w be an Ap-weight, K be a kernel function on 
^d ^ ^d gaiigjying (II. 3p . 2" ^e i/ie integral operator (11.21) wzt/i kernel K, and let Pn 
and An,n E li, be as in (12.11) and (12. 2p respectively. Then 

(2.11) rf„(/) = 2-"'^A„c„(/) for all /gL^, 

where dnif) = ((P„TP„/, 0„,2"A));^g2-"Z<* and Cnif) = {{PnfAn,2"\))^^^-„'^d for 

Proof. We mimic the argument in [14, Proof of Theorem 4.1]. Note that 



PnTPnfix) = i y2 ^n,2^x{x)4>n,2"\{x') 

Jr'^Jr'^ \g2-Z'' 

xK{x',y')( E {PnfAn,2r^\')4>n,2^\'{y')jdx'dy' 

\'e2-^1<i 
J2 (2-"' Yl <^n{X,X'){Pnf,<Pn,2-y))<Pn,2-X 



Ae2-"Z'* A'e2-"2 
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for all / e LP . Then (12TT11 follows. D 

2.4. Boundedness of discretization matrices. 

Proposition 2.6. Let 1 < p < oo, w be an Ap-weight, K be a kernel function on 
M'^ X M"* satisfying (11. 3p . anc? /ei y4„ = (ctnlA, A'))^^, „^^ anc? w„,ra G Z, be as 
in (12.21) and (12. 3p respectively. Then An,n G Z, are bounded operators on £^^ with 
operator norm bounded by a constant multiple of 2"''^(Ap{w)y'^\\rK\\i, i-c, 

(2.12) P„c„||p,^„ < C2"'^(Ap(^))'/"||rx||i||cJ|p,^„ for all c„ G ^ 

where C is an absolute constant depending on p and d only. 
Proof. Take c„ := (c„(A))Ae2-"Zd ^ £^^ and set /„ = XlAe2-"Zd Cn(A)0„,2"A- Then 
P^TP„Mx)= Y, (2""' 5Z «n(A,A')c„(A'))0„,2"A(x). 

Ae2-"Z'* A'62-"Z'* 

This, together with Proposition 12.11 implies that 

114 r II — 9"'^(P+2)/(2p)|| p T^p f II ^ f-yr)nd{2+p)/(2p)/ A (1n^^^/P\\rr^\\ -. W f II 

ll^^n.'^n ||p,«)n ■^ Jl-'n-'-'jiJ?! ||p,t« ^ '^^■^ V PV"^// II -f^ II 1 II j" IIPiW 

— (_/Z [/ip[W)) II' Xlllll'-nllp.-iUn; 

and hence completes the proof. D 

2.5. Off-diagonal decay property of discretization matrices. 



Proposition 2.7. Let 1 < p < oo, w be an Ap-weight, K be a kernel function on 

R"^ X ] 
Then 



i"^ X W^ satisfying flL3|) . and let A^ = {an{X, X')) ^y^2-"Z<'''^ ^ ^' ^^ '^^ ^'^ (l2^ . 



(2.13) MA,A')|<^ ^ .;l'l=^^Tn/o^ .u ^..o-".+l 



2"''iit|<3.2-"^^W^^ if |A-A'| <2-"+i, 
rx((A-A')/2) if|A-A'|>2- 

Proof. By (12. 2p . we obtain that 

|a.(A,A')| < 22"'^ / |ir(x,y)|dydx 

-'|x-A|<2-"-i,||/-A'|<2-"-i 

< 2^"'^ / ( / rK{x-y)dy)dx 

-'|a;-A|<2-"-i ^ J\y-x\<Z-2~^ ' 

■\nd 



< 2"^ / rKit)dt 

J\t\<3-2-" 

if A, A' e 2-"Z'^ with |A - A'| < 2-"+\ and 

|an(A,A')| < 2^"'^ / rK((A - A')/2)rfydx 



-'|x-A|<2-"-My-A'|<2-"-l 

< rx((A-A0/2) 
for all A, A' E 2-"Z'^ with |A - A'| > 2-"+^. This proves (127[3|) . D 
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2.6. Off-diagonal decay of commutators between discretization matrices 
and localization matrices. 

Proposition 2.8. Let 1 < p < oo, n G Zj^,N E 'N, w be an Ap-weight, K be a 
kernel function on M^ satisfying ( 11. 3p . and let discretization matrices An, weights 
Wn, and localization matrices \1/^ be as in (12. 2p . (12. 3 p and (12. 4p respectively. Then 
there exists an absolute constant C , depending on p and d only, such that for all 
b e &„ and k, k' e NZ'^ , 

.O..N [iVV(^^)f v"""-""'"aM V^'' if |A;-A;'|>8iV, 

(2 14) x< "V 2 >* VE|A'-fc'i<2Jv«'"(^)/ ' ' ' 

[(iV-^/'||r;,||i + i;,|>^/4r^(t)rft) if |A;-A;'| <8iV. 

A positive sequence w = {w{k))i^^id is said to be a discrete Ap-weight if for all 
aeZ'^ and N e N, 

(2.15) (n-^ Y1 ^(^)) (^"^ Yl {w{k)y^A'''^ <A<oo 

kea+[0,N-l]'i fcea+[0,Af-l]'' 

when 1 < p < oo, and 

(2.16) N^'^ V w(k) < A inf w(k) 

^^ fcea+[0,Af-l]'^ 

kea+[0,N~l]d 

when p = 1. The smallest constant A for which ( 12.15P holds when 1 < p < oo (for 
which (I2.16P holds when p = 1 respectively) is the discrete Ap-bound. We denote by 
Ap{w) the discrete Ap-bound of a discrete Ap-weight w. To prove Proposition 12. 8[ 
we recall the boundedness of an infinite matrix on a weighted sequence space. 

Lemma 2.9. ([1_8^ Theorem 3.2]) Let I < p < oo, w = {w{k))i^^id be a dis- 
crete Ap-weight, and A := {a{k,k'))i^i^,^^d be an infinite matrix with \\A\\is := 
J2mezdi^'^P\k-k'\>\m\ k(^)^')l) < ^^ ■ Thcn there exists an absolute constant C (de- 
pending on p and d only) such that \\Ac\\p^w < C{Ap{w)y^^\\A\\Q\\c\\p^w for all c G 



w 



Proof of ProposztzonKR Write (^f A„ - A„^f )^^ = (c(A, A'))A,A'e2-"Zd- Then for 

\k-k'\<8N, 

|c(A,A')| = |(^o(^)-^o(^))an(A,A')^o(^) 

lA — A'l X' — k' 

< min( — ^^^,l)|an(A,AO|^o( ^ ) 

^ r 2"('^-i)+iiV-i ]j^|^3^_„ rK{t)dt if |A - A'l < 2-"+i 

- \ min(|A - X'\/N, l)rx((A - A')/2) if |A - A'| > 2-"+^ 

by the Lipschitz property for the function tpQ and the off-diagonal property for the 
matrix An in Proposition 12.71 Therefore 

(2.17) |c(A,A')| <C^(A-A') for all A, A' G 2-"Z^ 
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where {g{\))\^2-^Z'i is a radially decreasing sequence defined by 

(9n(d— 1) r u ('O— n") \/ Af \ 



Note that 

^^. ^ J\t\<VN/2 VN 



Ae2-" 



^2^dj^d/2^^('VN\ ^ 2^ f rK{t)dt) 

^ 2 ^ J\t\>VN/A ' 

(2.18) < C2"'^('A^~i/lrx||i+ / rK{t)dt). 

Then the conclusion fl234D for |fc - A;'| < 8A^ follows from fl2T7D . (EIH]), Lemma ES 
and Proposition IA.5I 

For \k-k'\ > 8N, 

|c(A,A')| = |^o(^)a„(A,A')V^o(^)| 

(2.19) < rKiik-k')/2)Xk+[^2N,2N]4^)Xk' + [-2N,2N]4^') 

by Proposition O Write b = (&(A))Ae2-"Zd- Then by (l2A5|) and (l239|) we obtain 
that 

< rK{{k-k')/2)(^ Yl M>^)Y' 

\X-k\<2N 

x( j: iMV)ru,„(V))*"( E K(A'))-'<->^ ''-'>'' 



|A'-fe'|<2Ar |A'-fe'|<2Af 






for 1 < j9 < 00, and similarly 

||(*f.4n-A„V^f)*^cl|i,.„ 

< 2"'^ArV((A;-A:')/2)Ai(«;)U^ ^ ^J||6||,_^^ 

for p = 1. Hence the conclusion (I2.14p for \k — k'\ > 8N follows. D 
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3. Stability of localized integral operators 
To prove Theorem 11.11 we need several technical lemmas. 

Lemma 3.1. Let 1 < p < oo, z E C, w be an Ap-weight, and let the kernel K and 
the integral operator T with kernel K he as in Theorem \l.l\ Set 

(3.1) <5o = min(ro/(2Ap(u7)), a/{U)) 



where a G (0, 1] and tq G (0, 1) are given in (II. 9p and Proposition A. 4 respectively. 
If zl — T has U:^r- stability for some r G (0, 1], then it has L^ ^^i_^_^^ -stability for all 
s G [-60, 60] with < r(l + s) < 1. 

Lemma 3.2. Let 1 < p < 00, z E C, w be an Ap-weight, and let the kernel K and 
the integral operator T with kernel K be as in Theorem \1.1\ Set 

(3.2) Si = min ((p In 2 + 2 In Ap{w))-^Di, (2(2^^ +l) + 2d + 4(2^^ + 1) In Ap{w)y^a) 

where a G (0, 1] and Di G (0, 1) are given in fll.9p and Proposition \A.l\ respectively. 
If zl — T has L^^r -stability for some r G [0,(5i], then it has L^ ^, -stability for all 

r'G[0,5i]. 

Lemma 3.3. Let 1 < p < 00, z G C, and let the kernel K and the integral operator 
T with kernel K be as in Theorem \1.1[ Set 62 = a/ {3d) with a G (0, 1] given in 
(11. 9p . If zl — T has L'P -stability, then it has L'P^^'^'^^ -stability for all s G [— ^2,^2] with 
p{l + s) > 1. 

We assume that the conclusions in the above three lemmas hold and proceed to 
prove Theorem 11.11 by the bootstrap technique. 

Proof of Theorem \1.1[ We start from assuming that zl — T has the L^ -stability for 
some z G C,p G [1, 00) and w G Ap, and we want to prove that zl — T has the 
Lj^,-stability for any p' G [1, C)o) and w' G Ap'. Let ^o and 61 be as in (13. ip and 
(13. 2 p respectively, and select an integer Iq sufficiently large such that (1 — 5o)'° < 61. 
Iteratively applying Lemma [3A] with s = —60 and r = (1 — (5o)' for / = 0, 1, . . . , /q — 1, 
we obtain that zl — T has L^,, ^ w-stability for all / = 1, . . . , /q. Then applying 

Lemma [3.21 with r = (1 — SqY^ and r' = leads to the L^-stability of zl — T. 

Select an integer £1 G N and s G [— ^2, 62] such that (1 + sY^ = p'/p. Then 
iteratively applying Lemma 13.31 with p replaced by p{l + s)', / = 0, 1, . . . , /i — 1, 
yields the L^ -stability of zl — T. 

Let Sq and 6[ be as in Lemmas 13.11 and 13.21 with p replaced by p' and w hj w', 
and select an integer I3 E N such that (1 + S'q)~''^ < S[. Applying Lemma [3l2] with 
p replaced by p', w by w', r by and r' by (1 + ^q)^'^ leads to the L^ s')-h' 

stability of zl — T. We then reach the desired L^,-stability of the operator zl — T 
by iteratively applying Lemma [3.11 with p replaced by p', w by w', s by 6q and r by 
{l + 6',)-'^+',l = 0,l,---,h-l. D 



STABILITY ON WEIGHTED L^ SPACES 13 

3.1. Proof of Lemma 13. IL Let zl — T have the L^r-stabihty. Then there exists a 
positive constant Ci such that 

(3.3) \\{zl - T)f\\p,^r > C4f\\p,^r for all / G L^. 

From Proposition 12.21 it follows that 

\\{T-P„TP„)f\\p,^r < C2/^o2-""(ApK))i/P 



(3.4) < C2/^o2-""(Ap(w;))i/P||/||p,^. for all /gL^, 

where Dq = ||rx||i + supo<5<i (5""||rxXh5,5]||i + supQ^s<i^'"VMK)h and C2 is 
an absolute constant in Proposition 12. 2[ Let no be a positive integer such that 
C2L'o2~""''(Ap(«;))i/P < Ci/2. Then for all n > no and / G L^., 

(3.5) ||(^/-P„rp„,)/||p,^. >^||/||p,^. 



by ([33D and ([33D. Define 

(3.6) (^On = (2""' I {w{x)rdx) 

^ JA+2-"[-l/2,l/2)d /A62-"Zd 

and 

(3.7) (^^)n = { 5^ c(A)</)„,2"a| 5^ |c(A)r(^^)„(A)<oo}. 

Note that for any /„ := X]AG2-"Zd c(A)0„,,2"A G (V'On, 

WfnWv,^^ = (2"^^/' V |c(A)r / W{xrdx\''' 

^ Ae2-"Z<* ^A+2-"[-l/2,l/2)d ^ 

^Q fi^ _ 9"rf(l/2-l/p)||„|| , ^ 

l-J-Oj — ^ l|C||p,(«;'-)„ 

and 

(3.9) II (^/ - P.TP„)/„||,,^. = 2"'^(V2^i/p)||(^j _ 2-"^A„)c||p,(^.)„ 

by Proposition 12. 5t where A^ is defined in 02. 2p . Then applying 03. 5p to /„ G (^'^)n5 
and using 03.81) and 03. 9p . we obtain a discretized version of the L^r-stability of 
zl -T: 

C 

(3.10) 11(2;/ - 2"'""'A„)c||p,(t„r),^ > — ||c||p,(^r)„ for all c G ^^^.^^ and n > riQ. 



To prove the L^^(i+^) -stability of zl — T, we need the following claim, a weak version 



2 
^^r(i+.) -stability of 2;/-^ , w^ .i^^^ ..r 
of the above stability with weight w'^ replaced by w^^^~^^\ 
Claim 1: There exists a positive constant C such that 

(3.11) II (^/ - 2-"^A„)c||p,(^.a+.))„ > C'2-2"^N||c||p,(^.,.+.))„ 

for all c G ^^^d+^i and n > nQ. 

We assume that Claim 1 holds and proceed our proof. Applying 03. 8p and 03. 9p 
with fn replaced by P„/ and w^ by w'^^^'^^'' and using 03. lip , we have 

(3.12) C22-2"'^l^l||P„/||p,^ni+.) < ||(^/ - P„rP„)P„/||p,^.(i+=) 
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for all / G L^^(i+^) and n > riQ. As noted in Remark [2^ 

llfi'llp,«)'-(i+'') < \\Png\\p^w^(^+s) + \\{I — Pn)g\\p,w<^+s) 

(3.13) < (l + 2ApH)||(?||p,^.a+.) forall(7GL^.(,+,). 



Let integer ni be so chosen that C'2-2"i'^*o < \z\ and CL'o(/lp(w))i/P2-"i°/3 < ^/2 
where C is the positive constant in Proposition 12.11 Recall that 5q < a /{"id) by 
assumption and z 7^ by (12. 9p and (13. 3p . Then applying (I3.12p and (I3.13P and 
letting n = max(no,ni), we obtain that 



\\{ZI -T)f\\p^^r(l + .) 

> (1 + 2Ap{w))-\\\Pr,izI - T)/||p,^.a+.) + ||(/ - P„)(^/ - T)/||p,^.a+.,) 

> (1 + 2Ap(«;))-i(||P„(2;/ - r)P„/||p,^,,i+.) + |2;|||(/ - P„)/||p,^.(i+.) 
-||P„(^/ - T)(/ - P„)/||,,^.a+., - ||(/ - Pn)T/||,,^.,.+.,) 

> (l + 2A,(u;))-i(C'2-2"'^W||P„/||p,^,,.+.) + |^|||(/-P„)/||,,^.a+.) 
-CDo(A,(^))i/^2-""||/||,,^.,.+.)) 

(3.14) > (l + 2A,(^))-iC'2-2"^^«-l/||,,^.(i+.) 



for all / G L^^(i+^) with s G [— 5o, 60], where C is the positive constant in Proposition 
12. 1[ This establishes the desired L^^^i^^j-stability for the operator zl — T when 
\s\ < 5o. 



Now it remains to prove Claim 1. Let A^ be a sufficiently large integer chosen later 
and ^f,A; G NZ'^, be given in (^. Define ^n = {J2keNz4^kf)~^- Then $Ar 
is a diagonal matrix with diagonal entries being positive and less than one, which 
implies that 



(3-15) \\^Nc\\p,{n>-u ^ llcllp.C^)-),, for all c G i^ 



(«''■)- 



Define 



(3.16) ia'')k = V {w')ni\) = 2""^ [ w{xydx, k G NZ 



|A-fc|<27V 
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By (larroll . (Km . (Km and Proposition ESI we get 



< 



2 {{ar)ky/p - {{ankY/P 

^ ((a'-)JVp 









|t|>vW/4 ^ ((aOA:)^/^ 



|fe'-fe|<8JV 

|fc-fc't>8]V ^^ '^'^''^ 

fc'SiVZd 

for any bounded sequence c, where C3 is an absolute constant depending on p and 
rf only. Thus 



(3.17) +C4(Ap(«;))i/P 5^ ^Ar(A;-A;' 



i^ric 



fc''^||p,(W)n 



for any bounded sequence c, where C4 is an absolute constant depending on p and 
(i only, and the sequence (fi'Ar(fc))fceAfzd is defined by 

g^ik) = (N'^/^\\rK\\i+ / rKit)dt)xi^8N,8Nrik) 

^ J\t\>^/N/4: ^ 

Let B contain all sequences a := (^(A;))^^^^ with \\a\\B := X^mez^ sup|fc|>|^| |a(A;)| < 
00 ([!]), and denote by a * 6 the convolution of two summable sequences a and b on 
Z'^. Recall that there exists a positive constant D such that \\a * 6||b < Z}||a||s||6||s 
for all a,b E B [21 [3l HJ [IE] . Then {B, \\ ■ \\b/D) is a Banach algebra under convolution. 
Note that (^giy(^Nk))j^^^d is a radially decreasing sequence, we then have 

\\{9N{Nk))kez4B = Yl 9N{k) < C^iN'^^'WrKWi + I rK{t)dt) ^ 

as N ^ 00, where C5 is an absolute constant depending on p and d. Now we select 
a sufficiently large integer N so that 
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Applying f l3.17p iteratively and using the Banach algebra property for B, we obtain 

that 



hold for all bounded sequence c, where 

oo 

(3.19) V{k) = 6{k) + J2iCMpMYh' 9N*---* gN{k) 



I times 



and (5(0) = 1 and 5{k) =0 for all nonzero integer k G NZ . One may verify that 

(3.20) Y^ sup V{1) < oo. 

Set Q^ = \ + 2-"[-l/2, 1/2)"', A G 2~"Z'^ and Lk = k + [-2N - 2-''-\2N + 
2-^^-^Y-,k G A^Z"'. Then applying (jA.ll) with replacing Q by L^ and / by the 
characteristic function on Qx and w hy w"^ , we have 

I xvixvdx 

(3.21) 1 > 7^ ;' > (A„(w))-^2-"'^P(4Ar+l)-'^P 

Jl, «^(a;)'^rfa; 

for all A G 2-"Z'^ and k G A^Z^ with |A-A;| < 2A^. For A; G A^Z*^ and c G T^n , ,^ n^~, 
we obtain from (13.181) . (I3.2ip and Proposition IA.4I that 

lliTfJV^II 

II ^fc C||p,(^r(l + <,))^ 



((ar(i+s))^)i/p 



l + s 



< C(Ap(«;)) — 2 



nds I 






< c(^,(.o)^2~" 5: y(t -t-) "*^-'^' -5; ;^f "-'■"'■■ 



((a').')'" 



(3.22) < c(^,(.))v.2- 5: '-(^-^o "^"''\:;;T:^;';!'r '"•''" 

for all s G [0,(5o], where C is an absolute constant. Similarly for all s G [— (5o,0] we 
have 



,; ^u T < C7(Ap(«;))3/P22"'^W 
((a''(i+*))fc)Vp - ^ P^ ^^ 



, l|vl>^(2;J-2-"A)c||,,^.a+ 



p,{u)''(l+''))„ 



(3-23) X y F(A;-A;') ,, ,^^ ,, ,^, 

fc'eAfZd ^^ ^ ^ 

where k G A^Z'^ and c G ^^^d+^i n£°°. By Proposition lA. 51 with w replaced by w'^^^^'^\ 
vn = ((tt^''"'^^'*-*)fc)fceAfz<* is a discrete Ap-weight with Ap{vN) < Ap{w^^^'^'^^) < Ap{w). 
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This, together with (ESDI), (I322D, (ESS]) and Lemma ES imphes that 

< C622H«l||(^/_2-«'^A„)c||p,(^.(i+.))„ 

for all c G ^^^r(l+^)^ n£°° and ra > no, where Cg is an absolute constant independent 

of n > no and r G (0, 1] and s G [— ^o? <^o]- Then Claim 1 follows and Lemma [3. II is 
proved. 

3.2. Proof of Lemma 13.21 Let zl — T have the L^r-stability. From the argument 
used in the proof of Lemma 13. ![ there exist a sufficiently large integer A^ and a 
sequence V satisfying (I3.20p such that 

hold for all bounded sequence c and k G A^Z*^, where \E'^ and (a;^)^. A; G NTJ^ are 
given in (El) and flHTTHD respectively. Note that L^ C 2"+^A^Qa and 2"+iA^Qa C 2Lfc 
when A; G A^Z'^ and A G 2-"Z'^ with |A - A;| < 2iV. Then by Proposition O] 

(3.25) Ci2-'^(^-i)™ < ^"'■^A+2-^[-i/2,i/2]^^(^)^^^-^ ^ C,{nA,{w)n^''^'>- 

for all r G [0,(5i],A; G iVZ'^ and A G 2-"Z'^ with |A - A;| < 2A^, where Cx and C2 
are absolute constants. Therefore for r' G [0,5i],/c G N'L^ and A G 2^"'Z°' with 
|A - A;| < 2A^, we get from (13:241) and ^&J2^ that 

" ,; .)"!:"'' < c2-"'^/-(2-(A,(^))2)(^^-^^>'Wp||vi;fcii, 

||a;7V„|| 

V V pv ;; ; ((a'^)fc)Vp 

< C(2P(Ap(ti;))')(2'+i)'-'"/P2^(p-i)™/P ^ \/(A;-A:') 

||vi>0(2:J-2-'^A„)c||,,(^.)„ 

((«Ofc')^/^ 

< c'(2P(v4p(^))2)(2"+i)(-+-'WP2'^(p-i)(^+'-')"/p ^ \/(fc-fc') 

This together with (I3.20p and Lemma [2.91 implies that 
(3.26) 

l|c||p,(..'). ^ C(2^(A,(t.))2)(^'^+^)(^'-+^''W^2'^(^-i)(^^+^'-'W^||(./ - 2-"A„)c||^,(^.,)„ 
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for all bounded sequences c m. E ,, . Therefore the desired L^ , -stability for the 
operator zl — T follows by using the argument to establish fl3.14p with applying 
(13:261) instead of (EH]). 

3.3. Proof of Lemma l3.3L Let zI—T has the L^-stability. Similar to the argument 
to establish f l3.18p . there exist a sufficiently large integer N and a sequence V = 
{V (k)) f.^zNZ'i satisfying f l3.20p such that 

(3.27) ||*fc||,<C Yl V{k-k')\\^^{zI-2-''An)c\\p 

k'&NZ'i 

for all bounded sequence c. Note that for 1 < gi, g2 < C)0, 

(3.28) < (2"+2Ar)"^^-(Vgi-i/g2,o)||^Af^||^^^ 
Combining (13:271) and ( K28\f leads to 

||^fc||,(i+,)<C22"'^W J2 V{k-k')\\^i:{zI-2'-''AMp(i+s) 

for all bounded sequences c and s G [—82, ^2]. Hence 

(3.29) ||c||p(i+,) < C2'^''\^\\\{zl - 2-"^A„)c||p(i+,) 

for all c G £p(^+*). Therefore the desired L^'^^+'^^-stability of the operator zl — T 
follows by using the argument to establish (I3.14p with applying (I3.29P instead of 
dMH). 

Appendix A. Doubling property and reverse Holder inequality for 

MUCKENHOUPT WEIGHTS 

In this appendix, we provide some refinements of doubling property and reverse 
Holder inequality for Muckenhoupt Ap-weights. Those refinements are important 
for the validation of the bootstrap technique used in the proof of Theorem 11.11 

A.l. Doubling property of Muckenhoupt Ap- weights. An alternative way of 
defining Muckenhoupt Ap-weights is 

(A.l) (^ / imidxY < f / \f{x)fw{x)dx 

^\Q\ Jq ^ jQw{x)dx Jq 

for all locally integrable functions / and cubes Q C M.'^. The smallest constant A for 
which ( JA.ip holds is the same as the Ap-bound Ap{w), 1 < p < 00. Applying ( JA.ip 
with Q replaced by 2"'Q and / by the characteristic function on Q gives that wdx 
(or w for short) is a doubling measure; i.e., 

(A.2) ^ 1^ w{x)dx < 2-^(^-1) Ap(^) (^ j w{x)dx) 

for all positive integers n and cubes Q [3 |9]. In this subsection, we consider the 
doubling measure property of weights w"^ with sufficiently small r > 0. 
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Proposition A.l. Let 1 < p < oo and w be an Ap-weight. Then there exist absolute 
constants Cq and Di (that depend on p and d only) such that 

(A.3) (A,(«;))-2— <^-^) < J^y^(^))^^J < C,{2^{Ap{w))Y^'^''' 

for all integers ra G N, cubes Q and numbers r G [0,Di/{pln2 + 2ln Ap{w))]. 

We say that a locally integrable function / has bounded mean oscillation, or BMO 

for short, if ||/||bmo := sup.^bes Q J^\ Iq \fi^) ~ W\ Iq f(y)M ^^ < ^- ^^ P^°^^ 
Proposition IA.lt we recall that In w has bounded mean oscillation whenever w is an 
y4p- weight for some 1 < p < oo [3 [15] . 

Lemma A. 2. Let 1 < p < oo and w G Ap. Then Inw has bounded mean oscillation 
and 

(A.4) ||lnw||BMO <pln2 + 21nAp(w). 

Proof. We follow the arguments in [7i p. 151] and [151 P-197], and include a proof 
for the BMO bound estimate in ( ]A.4p that will be used for our establishment of 
Proposition lA.il Let w be an Ap-weight with 1 < p < cxd. Take an arbitrary cube 
Q cMf^ and denote by cq := t^t L \nw{y)dy the average of the function Inw on the 
cube Q. As U7 is an Ap-weight, 

Note that 

(A.6) (-^ f e^'^'^(^')-^«dx) > 1 and (-^ I e-^^^^^'')-<^Q^/ip-^)dx\ > 1 

by applying Jensen's inequality 

(A.7) exp (^/^ /(.)..) <^/^e«^... 

with / replaced by (Inw(x) — cq) and — (Inw(x) — cq)/{j) — 1) respectively. Thus 

combining (]A.5P and (]A.6p . we have 

(A.8) 

1 /" e''^"'(^)-"«rfx < Ap(w;) and -^ /" e^^'^^^'^^^-^^^/^P-^^rfx < (ApH)^/^^-^). 

\Q\ Jq \Q\ Jq 

Using the estimates in flA.Sp and applying Jensen's inequality flA.7p with / replaced 
by max(lnu7(x) — cq, 0) and max(cQ — lnw(a;), 0)/(p — 1) respectively, we get 

exp (-^ [ max(lnw(a;) - CQ,0)dx) < j^ [ e'^'^^('°'"(^)-'=«'°)c/a; 
^\Q\ Jq ' \Q\ Jq 

(A.9) < 7^ f e''^"'(")-^'5rfx + 7^ f e'dx < Ap{w) + 1 < 2Ap{w) 
\Q\ Jq \Q\ Jq 
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and 

/I r max(cQ-ln^(x),0) X ^ 1 f (.,_i..(.),o)/(,-i)^^ 

(A.IO) < ^ / e(^«-'""'("))/(^-^)dx + ^ / e°da; < 2{Ap{w)y/^P-^\ 

\Q\ Jq \Q\ Jq 

The desired BMO bound estimate ( JA.41) then follows from (IA.9I) and ( JA.IOI) . 

The desired conclusion (lA.4p for p = 1 follows from the established result for 
1 < p < oo and the fact that any Ai-weight w is an ylp-weight with Ap{w) < Ai{w) 
for all 1 < p < oo. n 

Lemma A. 3. Let 1 < p < oo and w G Ap. Then there exist absolute positive 
constants C and Di (that depend on p and d only) such that 



w{x)dx 



hold for all cubes Q and all r G [0,Di/{p\n2 + 2\iaAp{w))]. 

Proof. The first inequality in f lA.lip follows by applying Jensen's inequality ( ]A.7P 
with / replaced by rlnw. 

For p= 1 and < r < Di / {p\n2 + 2\n Ap{w)) , 

±.J{w{x)rdx < (^^J w{x)dxy < {A,{w)r M{w{x)r 

< e^^'^expf— — / \nw{x)dx] for all cubes Q, 

^\Q\ Jq ' 

which leads to the second inequality in flA.lip for p =\. Now we prove the second in- 
equality in flA.lip provided that 1 < p < oo. By Lemma rA.2l and the John-Nirenberg 
inequality for functions with bounded mean oscillation, there exist absolute positive 
constants Dx and D2 such that 

|{x G Q : |lnw;(x) - cqI > a}| < L)2exp(-2Dia/|| lnw||BMo)|<5| 

^ '^^^"H- pln2 + 21nA» J'^' 

for all cubes Q, where a > and cq := t^ L \iiiw{y)dy is the average of the function 
Inw on the cube Q. Therefore 

/ e^|i--W-'=Qlrfa; = 1 + / e*|{x e Q : \ lnw{x) - Cq\ > t/r}\dt 

\Q\ Jq \Q\ Jo 

f°° / 2D \ 

< I + D2 exp(t-t^ ^———]dt<l + D2 

- Jo ^ r(pln2 + 21nv4p(^))y " 

for all rG [0, L'i/(pln2 + 21nAp(u7))]. Thus 



\nw{x)dx 



and the second inequality in (lA.lip for 1 < p < 00 follows. D 
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Now we prove Proposition lA.li 

Proof of Proposition \A. 1[ Let 1 < p < cxo and w be an Ap- weight. Then for < r < 
1, w^ G Ai+r{p-i) with its 74i+r(p-i)-bound dominated by {Ap{w)Y. Then applying 
(1A.2I) with w replaced by w"^ and p by 1 + r(p — 1), we obtain 






> (Ai+,(p_i)K)) ^2-™'^(P-i) > (A,(u;))-^2-^"'^(P-i) 



for all positive integer n and cubes Q. This establishes the first inequality in (jA.Sp . 
By Lemmas IA.2I and IA.31 we get 



< C exp I r >^ , , , -, ^ , / In t/;(x)(J3; — , , ^, / \nw(x)dx ] 

^ ^ I |2^+ig| ^+iQ ^ ^ |2'=g| J,.Q ^ ' ) 

< Cexp ((2^^+1)^11 In wIIbmo) < Cexp ((2^^ + l)rri(pln2 + 21n Ap(w))). 
This proves the second inequality in (]A.3|) . D 



A. 2. Reverse Holder inequality for Muckenhoupt Ap-weights. One of key 

results for Muckenhoupt Ap-weights is the reverse Holder inequality, which states 
that for any Ap-weight w,l <p < oo, there exist constants C and e > (depending 

on p, d and Ap[w) only) such that ( t^ /n w{xY^^dx) ^ < rh jn w{x)dx for any 
cube Q [71 US]. In this subsection, we consider the reverse Holder inequality for 

weights w^,r G [0, 1]. 

Proposition A. 4. Let 1 < p < oo and w G Ap. Then there exist a positive constant 
To (depending on p and d only) such that 



{2^^'Ap{w)Y\-^ I wixr^'-^^dx)"'^"^'^ < -^ fwixYdx 



\Q\Jq ' ' ) - \Q\ 

(A.12) < 2^+2^p(^)(-^ I w{xt-'^'-dx^^'^'''^ 

hold for all cubes Q and positive numbers r G (0, 1] and 6 G {0,ro/Ap{w)]. 

Proof. We follow the argument in [IS, pp. 202-203]. Let r G (0,1] and w G Ap 
for some 1 < p < oo. Then w^ G Ai+r{p-i) C Ap and Ap{w^) < v4i+r(p_i)(w'') < 
{Ap{w)Y < Ap{w). Therefore taking the characteristic function on a subset ii^ of a 
cube Q in (]A.1|) leads to 



J^w{xYdx 1 f\E\\p 

J^wixY'dx ~ Ap{w)\\Q\) 
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for any subset E G Q. This implies that for all cubes Q and subsets E G Q with 

1^1 < ICI/2, 



IQI/2 

Jj^w{xYdx 1 /\Q-E\y 2PA. 

LwixYdx - ~ AJw) V 101 / -^ 



^ ^-^p^ W, 



/Qw(x)''(ix ~ Ap(w;)V \Q\ J - 2PAp{w) 

Let S, = {2P+'{d+l)A,{w))-\ Then 22(<^+i)^i(l - ^^^) < (1 - ^.^TTi;^^) and for 
any 6 G (0, 6i], following the steps in [151 pp.202-203] we get 



k=0 

/I /■ , ... . \ , .„^o . 
X 



and 

^ / ^(x)'-dx< (l + V2('^+^)(^+i)^/(^-^)fl 



fc=0 P^ ' 

This establishes ( 1A.12I) and completes the proof. D 

A. 3. Discrete Muckenhoupt weights. Muckenhoupt Ap-weights and discrete 
Ap-weights are closely related. Given a discrete Ap-weight w = {w{k))i.^^d, one may 
verify that w := J2kezdw{k)x[-i/2,i/2)d{- — k) is an Ap- weight with its Ap-bound 
comparable to the Ap-bound of the discrete weight w. Conversely, discretization of 
an y4p-weight at any level is a discrete Ap- weight. 

Proposition A. 5. Let 1 < p < oo and w be an Ap-weight, and define 
Wn{k) = 2"'^ / w{x)dx, neZ,keZ'^. 

J2-"(fc+[-l/2,l/2)d) 

Then for any n E Z, Wn '■= {'UJn{k))i^^^d is a discrete Ap-weight with its Ap-bound 
dominated by the Ap-bound of the weight w, i.e., Ap{wn) < Ap{w). 

Proof. Let 1 < p < oo and n G Z. Given a E Z'^ and A^ G N, 

kea+[0,N-l]'^ fcea+[0,Af-l]'* 



— ( O-ndATd / w{x)dx 

^{-^J w{xr^^p-'Uxy" < Ap{w) 

^^ ^V J2-"a+2-"-[-l/2,N~l/2)'i ^ 
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where the first inequahty follows from 



1 < (2"'' 



2-"k+2-"[-l 



w{x)dx] 

l/2,l/2)d ^ 

X (2"^ f w{x)'^/^P-^^dxY'^ for all k e Z^ 



'2-"A:+2-" [-1/2,1/2)'* 

and the second inequality holds as |2-"a + 2~"[-l/2, A^ - 1/2)^^1 = 2-'"^N'^. 

The conclusion for p = 1 can be proved by similar argument. D 
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